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Summary. The problem of using P pro esses to write

a given value to all positions of a shared array of size N
is alled the Write-All problem. We present and analyze
an asyn hronous algorithm with work omplexity O(N 
x ) ), where x = N 1= log(P ) (assuming N = xk and
P log( x+1
P = 2k ). Our algorithm is a generalization of the naive
two-pro essor algorithm where the two pro esses ea h
start at one side of the array and walk towards ea h
other until they ollide.
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1 Introdu tion
The Write-All problem is de ned as follows. Use P proesses (or pro essors) to write a given value to all positions of a shared array of size N . Without loss of generality, we shall assume that the array is an integer array
and that 1 is the value to be written to all its positions.
If the pro esses are reliable and run equally fast, it is
easy to ome up with straightforward, optimal solutions
for this problem. The situation is quite di erent, however, if pro esses an be faulty or run at widely varying
speeds while at least one pro ess remains a tive. Kedem
et al. [10℄ have shown that under these ir umstan es an
N + (P log N ) lower bound exists on the amount of
work pro esses must arry out when pro esses an fail.
This means that even if all pro esses run fully in parallel
and no pro ess is a tually failing, at least (log N ) time
is required to set the array.
The original motivation for the Write-All problem
omes from [7℄. Here it was shown that any program on a
?
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P pro ess syn hronous PRAM (Parallel Random A ess
Ma hine) running in time T an be exe uted on any
unreliable PRAM with work omplexity W (P ):T where
W (P ) is the work omplexity of any algorithm solving
the Write-All problem of size P . In [9℄ an overview is
given of the algorithms and PRAM simulations that have
been developed so far.
Our motivation is quite di erent. It omes from the
design of wait-free or asyn hronous algorithms [4{6℄, to
obtain fast, reliable programs for general purpose parallel omputers with typi ally a few dozen pro esses that
run under widely varying loads.
A ommon problem on su h ma hines is to arry out
a task, onsisting of N independent subtasks, with P
pro esses, as qui kly as possible. Su h tasks are, for instan e, opying an array, sear hing an unordered table,
and applying a fun tion to all elements of a matrix. We
en ountered this problem when we had to nd a parallel solution to refresh a hashtable by opying all valid
elements to a new array [4℄.
If we abstra t from the nature of the subtasks, the
problem of exe uting N independent tasks is adequately
hara terized by the Write-All problem.
In this paper we present a rather straightforward
algorithm to solve the Write-All problem on an asynhronous PRAM, i.e. a ma hine on whi h the pro esses
an be stopped and restarted at will. This means that it
is also suitable for all other fault models as mentioned in
Kanellakis and Shvartsman, page 13 [9℄. Using di erent
terminology we an say that our algorithm is wait-free,
whi h means that ea h non-faulty pro ess will be able
to nish the whole task, within a predetermined amount
of steps, independent of the a tions (or failures) of other
pro esses.
For a shared array of size N and P pro esses, our
x+1
algorithm has to arry out O(N P log( x ) ) amount of
1
work where x = N log P . The omplexity of parallel algorithms is generally hara terized by the total amount
of steps that all pro esses must exe ute, whi h is alled
the work of the algorithm, instead of the exe ution time,
whi h under ideal ir umstan es, an be obtained by dividing the work by the number of available pro esses. It
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should be noted that the worst ase behaviour leading
x+1
to the upper bound O(N P log( x ) ) an only be a hieved
under a rare lo k step s enario of the pro esses. So, we
expe t average omplexity to be mu h better, whi h has
been on rmed by experiment. In order to understand
x+1
the asymptoti behaviour of the bound O(N P log( x ) )
it is interesting to look at the role of x. The value x
roughly denotes the ratio between the length of the array (N ) and the number of pro esses (P ). In the limit
ase, where x goes to in nity, the work omplexity onverges to O(N ). This means that if there are only few
pro esses, relative to the length of the array, omplexity of our algorithm be omes linear in the length of the
array.
There are a number of existing solutions to the WriteAll problem (see [9℄ for an ex ellent overview). We ompare our algorithm to the algorithms X , X 0 , AW, AW T
and Y that are all suitable for asyn hronous PRAMs,
ignoring the solutions suitable for more restri ted fault
models. From ertain perspe tives our algorithm improves
upon all of these.
Algorithm X is the rst asyn hronous algorithm for
the Write-All problem [3℄. It is designed for the situation
3
where P  N and has work O(N P log( 2 ) ). In [9℄ a generalisation of X , alled X 0 is presented for the ase P  N
3
whi h has the same upper bound O(N P log( 2 ) ) for the
amount of work. For N = P the algorithm presented
here has the same upper bound as X 0 . For P < N our
algorithm is an improvement over X 0 , sin e for P < N
x+1
we have x > 2 and then O(N P log( x ) ) is better than
3
O(N P log( 2 ) ).
In [1℄ two parti ularly lever algorithms are proposed,
alled AW and AW T .
Algorithm
AW requires work O(P 2 + N log P ). When
p
P  N this redu es to O(N log N ) whi h is parti ularly good. However, this bound an only be a hieved
assuming that a set of permutations of 1 : : : P with a spei property is given, whi h requires exponential time
to al ulate. Su h a set an be generated at random,
but then the result `only' holds with high probability. In
order to over ome this problem algorithm Y has been
proposed [8℄. Algorithm Y is onje tured to have (non
probabilisti ) work upper bound O(N log N ), whi h is
on rmed by experiments, but whi h is unproven.
Algorithm AW T needs work O(q N P  ) where  =
logq log q for some onstant q that an be freely hosen,
and a onstant whi h, a ording to the proof in [9℄, an
be hosen to be 2. As logq log q 2 goes to 0 when q goes to
in nity, algorithm AW T has superior omplexity. However, the onstant amount of work that must be done in
the prepro essing phase (whi h is independent of N and
P ) is exponential
in q (see [1℄). In order to outperform
algorithm X 0 for any N and P , it must be the ase that
 < log( 23 ). From this it follows that q must be larger
than 80. Therefore, to outperform our algorithm, q must
be hosen even larger. In the setting for whi p
h we developed our algorithm, we generally have P < N (and
thus x > 4), so one must hoose  < log 54 to make algorithm AW T perform better than our algorithm. This
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means that q needs to be larger than 105 . This is the
reason why we expe t that our algorithm performs mu h
better under pra ti al ir umstan es.
The present paper has the following stru ture. In Se tion 2 we present the algorithm. In Se tion 3 we prove its
orre tness and show spa e and time bounds. Se tion 4
ontains some onsiderations on using a non-uniform tree
as the shared data stru ture. Finally, Se tion 5 is reserved for on lusions and further onsiderations.

2 A ollision-based algorithm
2.1 Basi

ase

Although the asyn hronous Write-All problem in its general setting is far from trivial, the ase that there are only
two pro esses (P = 2), allows for a very intuitive and optimal solution. This algorithm solves the problem for any
value of N in N + o(N ) steps. One pro ess starts at the
left of the array and walks to the right, in the meanwhile
setting the values of the array elements en ountered to 1.
The other pro ess does the same from right to left. If the
two pro esses ollide, the whole array is pro essed and
the pro esses an stop. In the worst ase, one element of
the array is pro essed twi e. We all this algorithm the
Basi Collision algorithm.
In [3℄ an extension of this algorithm is des ribed,
whi h works with three pro esses. It is alled algorithm
T. Two pro esses have the same behaviour as des ribed
above, but the third pro ess behaves di erently. It starts
in the middle of the array and lls the array alternately
to the left and to the right. If the rst two pro esses ollide, it means that the whole array is pro essed. If, e.g.,
the rst and the third pro ess ollide, it means that the
left part of the array is pro essed. Therefore they move
to the segment of the array that is not pro essed yet.
The rst pro ess starts at the left of this segment, the
third pro ess starts again in the middle of this segment,
and the se ond pro ess is still busy lling the segment
from the right. This pro edure repeats until the array
is ompletely pro essed. This algorithm is also optimal
and the work of this algorithm, measured in terms of
a tual elements pro essed, is N + o(N ). Algorithm T
does not appear to be generalizable to larger numbers of
pro esses.
2.2 Generalized ase

Our algorithm generalizes the Basi Collision algorithm
in a di erent way. We will all it the Generalized Collision algorithm. It is best explained by looking at a simple
example with four pro esses (P = 4). We hoose N = 25
in our example.
The pro esses operate in pairs. Every pair of proesses exe utes the Basi Collision algorithm on su essive segments of the array. Ea h segment has length 5,
so there are 5 segments. The four pro esses start at the

Jan Friso Groote et al.: An algorithm for the asyn hronous Write-All problem based on pro ess ollision
p

0

Fig. 1.

p

1

p

2

p

3

Initial on guration

lo ations indi ated in Figure 1. The arrows indi ate the
dire tion in whi h ea h pro ess traverses the segment.
Every time that a segment of the array has been proessed by a pair, operation ontinues at the next segment. The rst pro ess of a pair to nish a segment an
dire tly ontinue with the next segment, without having to wait for the other pro ess. In this way, the pairs
walk towards ea h other through the array in steps of
length 5 until they ollide. A typi al path of the four
pro esses in our example is shown in Figure 2. This gure shows just one possible path, in whi h all pro esses
roughly operate at the same speed. The algorithm, however, is ompletely robust with respe t to pro ess delays,
failures and restarts. This is be ause every pro ess potentially visits all array elements. As long as one pro ess
survives, the whole array will be pro essed.
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From a higher point of view, the four pro esses also
exe ute the Basi Collision algorithm where the grain
size of the work is 5. To see this, we have to onsider
every pair as a single aggregated pro ess and every segment of length 5 as a single aggregated array element. A
ollision now takes pla e at a omplete segment, rather
than at a single array element. This explains why the
middle segment in Figure 2 is pro essed twi e.
It is now lear how to generalize this example if we
double the numbers of pro esses and assume 125 array
elements. We simply add one level to the hierar hy and
have lusters of four pro esses operate on segments of
length 25, until the lusters ollide.
This implies that our algorithm works for any number
of pro esses whi h is a power of two, so P = 2k for some
k  1. Furthermore, we have that the length of the array
is the length of a basi segment to the same power, so
N = xk for some x  2. In the above example we have
hosen k = 2 and x = 5.
In Figure 3 the generalization of the Basi Collision
algorithm is illustrated in a ube whi h has to be lled
with 1's by 8 pro esses. The pi ture shows pairs of proesses, lusters of 2 pro esses, and lusters of 4 pro esses
ra ing ea h other. In this example k = 3 (the dimension
of the ube) so there are 8 pro esses, and the length of
an edge of the ube is x, so that there are x3 ells to be
lled. This is the biggest example that we an easily vi-
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sualize in this way. An example with 16 pro esses would
require a 4-dimensional gure.

Fig. 3.

a ube.

Generalization of the ollision prin iple illustrated in

2.3 Data stru tures

Additional data stru tures are needed in order to enable
the pro esses to de ide whi h array element should be
pro essed next. First of all, every pro ess has a pro ess
identi er (pid) onsisting of a bit string of length k . The
set of all pro ess identi ers is alled PID. We use the
fun tions head and tail to return the rst element of a bit
string and the bit string with the rst element deleted.
The bit strings will be used to dire t the pro esses to
di erent parts of the array. There is a ni e relation between the pids of the pro esses and the initial position of
the pro esses in the ube from Figure 3. If we onsider
the general Boolean k-dimensional hyper ube, the pids
orrespond to the pro esses's initial o-ordinates.
Next, we assume that the pro esses share a tree of
depth k . A ording to the above explanation, the tree
should have a uniform fan-out x. This means that there
are exa tly xk leaves, whi h orrespond with the elements of the array. However, we will formulate our algorithm in su h a way that it also works for trees with a
non-uniform fan-out, for reasons explained in Se tion 4.
Every leaf l has an attribute l:value : int that must
be set to 1. The relation between the tree and the ube
from Figure 3 is straightforward. Ea h level in the tree
orresponds with a dimension, and a ell ( 0 ; 1 ; 2 ) of
the ube orresponds with the leaf that we arrive at if
we travel down the tree rst taking the 0 -th bran h,
then the 1 -th bran h, and nally the 2 -th bran h.
The internal nodes of the tree maintain information
on how far the orresponding subtree has been pro essed
already. Every internal node n has the following three
attributes.
 n:fan : int
This onstant denotes the number of hildren of the
node.
 n:nl : 0 :: n:fan, initially 0
This variable denotes the number of hild nodes that
have already been pro essed, from left to right.
 n:nr : 0 :: n:fan, initially 0
This variable denotes the number of hild nodes that
have already been pro essed, from right to left.
Note that the subtree of node n has been pro essed
ompletely if n:nl + n:nr  n:fan.
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The root of the tree is denoted by root and the predi ate is leaf determines if a node is a leaf. Similar to
algorithm T in [3℄, we make use of an atomi ompareand-swap-like instru tion (see e.g. [5℄). In the algorithm
below this is denoted by pla ing angular bra kets around
the statement (`h' and `i').

Sin e in this ase we have x = 2 and the tree be omes
a binary tree, whi h is traversed in exa tly the same
way as in algorithm X. The work al ulations from Se tion 3.3 will show that in this ase the upper bounds of
the Generalized Collision algorithm and algorithm X are
also identi al.

2.4 The algorithm

3 Analysis of the algorithm

All pro esses operate in parallel and perform the same
re ursive pro edure traverse with as the rst argument
the pro ess identi er and the se ond argument the root
of the tree. The re ursive alls have as arguments smaller
bit strings and other nodes of the tree. We use notation
from [9℄ to express this.

3.1 Corre tness

forall pid in PID parbegin
traverse(pid,root)

parend

Lemma 1. The Generalized Collision algorithm is par-

Pro edure traverse is de ned below.

tially orre t.

pro edure traverse(bs,node)
var i: 0 :: node:fan;
begin
if is leaf(node) then

Proof. Assuming that at least one of the pro esses nishes su essfully, we have to prove that the whole tree
has been pro essed. This follows immediately from the
following two properties.

node.value := 1

else
if head(bs) = 0 then

i := node.nl;
while i + node :nr < node:fan do
traverse(tail(bs), hild(node,i));
h if node.nl = i then node.nl := i + 1
i := node.nl

i;

od
else

i := node.nr;
while node :nl + i < node:fan do
traverse(tail(bs), hild(node,node:fan 1
h if node.nr = i then node.nr := i + 1
i := node.nr

The proof of orre tness of the distributed algorithm
onsists of two steps. First, we prove partial orre tness
(i.e. if one of the pro esses su essfully nishes, the whole
tree has been pro essed) and, next, we prove termination
(at least one pro ess nishes su essfully). If all leaves of
a (sub)tree have been set to 1, we say that the (sub)tree
has been pro essed.

i));
i;

od

end
In the base ase where the node is a leaf, the pro edure writes the intended value in the array. Otherwise,
the pro edure treats the hildren of the node in a repetition from left to right or from right to left. The hoi e
between starting left or right is irrelevant for orre tness. For the sake of the omplexity al ulations, we let
the hoi e depend on the head of the rst argument bs,
whi h is a suÆx of the pro ess's pid. The re ursive alls
have the tail of the bit string bs as rst argument, so that
the pro esses start their a tions at di erent points in the
array. Private variable i is introdu ed to allow modi ation of the shared variables node.nl and node.nr by other
pro esses.
It is worthwhile to noti e that in the ase that N = P
the above algorithm is equal to algorithm X (see [3℄).

1. For every internal node n of the shared tree, it invariably holds that n.nl subtrees of node n from left
to right have been pro essed. Likewise n.nr subtrees
have been pro essed from right to left.
2. If a all traverse( ,n) (for some bit string  and some
node n) nishes su essfully, the subtree rooted in
node n has been pro essed.
These two properties are proven with simultaneous indu tion on the depth of node n. The base ase, where
node n is a leaf is trivial. For the indu tive ase, we suppose that node n is an internal node.
1. The value of shared variable n.nl is only in remented
from i to i + 1 if pro edure traverse has nished on
the ith subtree of node n. By indu tion we then have
that this subtree has been pro essed, whi h erti es
this invariant. The variable n.nr is treated similarly.
2. If a all traverse( ,n) nishes, one of the guards i +
n:nr < n:fan and n:nl + i < n:fan must be false.
Noti e that in the rst ase we have i  n:nl and
in the se ond ase i  n:nr. This is due to the fa t
that the values of n:nr and n:nl are non-de reasing.
Therefore, if the all traverse( ,n) nishes we have
n:nl + n:nr  n:fan. Using the indu tion hypothesis, we an on lude that all subtrees of node n are
pro essed, so the tree rooted in n is pro essed.

ut

Next, we will prove termination of the algorithm.

Lemma 2. The Generalized Collision algorithm terminates, i.e. at least one of the pro esses nishes su essfully.
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Proof. For this we formulate the following termination
fun tion:
X
n:nl + n:nr

2i nternalnodes

n

The fa t that this is a proper termination fun tion
follows from the following observations.
First, the fun tion is bounded. Sin e for every internal node n the values of n.nl and n.nr are bounded
by the onstant n:fan, the fun tion is bounded by 2N 2
(whi h is not a tight bound, see Se tion 3.3). Se ond, reall that the fault model implies that all but one pro ess
may fail. Sin e there are no blo king statements, the surviving pro ess will ontinually invoke alls to pro edure
traverse, as long as it is not nished. After every all of
this pro edure (to, say, node n), the value of n:nl + n:nr
is stri tly larger than before this all. Namely, it is in remented with 1 by the alling pro ess, or it is in remented
with at least 1 by one or more other pro esses.

ut

In on lusion, we have that at least one all of traverse(pid,root) nishes su essfully (termination) and that
this implies that the omplete tree rooted in root has
been pro essed.

Corollary 1. The Generalized Collision algorithm solves
the asyn hronous Write-All problem.
3.2 Spa e usage

We will show that the pro esses have only moderate
spa e requirements.

Lemma 3. The spa e omplexity of the Generalized Collision algorithm is

O(N log N + P log N ).
2

Proof. The shared data stru ture onsists of the given
array of N bits, together with the data at the internal
nodes of the tree (see e.g. [9℄ for a des ription of how
to represent a tree in a heap without overhead). There
are less than N internal nodes. Every internal node n
holds two shared variables of size log n:fan. So the shared
memory has size of O(N log N ).
Every pro ess needs a private data stru ture with
spa e for k sta k frames, sin e the re ursion depth is k .
Ea h sta k frame holds a lo al variable of size log n:fan
and two parameters of sizes k and log N . Sin e k is of
order log N , ea h pro ess needs memory of order log2 N .

ut

3.3 Work omplexity

As was mentioned before, the work omplexity of a parallel algorithm is the worst ase total amount of work performed by the pro esses involved. With `total amount of
work' one generally means the number of instru tions exe uted by all pro esses. We measure the work by ounting the total number of alls of pro edure traverse in a
worst ase s enario. The program text learly shows that
the number of instru tions exe uted per all of traverse

5

is bounded by a onstant. Therefore, the total number
of pro edure alls is an appropriate estimate here.
In the al ulations below we will assume that the
number of pro esses is 2k and that the length of the
array is xk for some k  1 and x  2. This allows for
the onstru tion of a tree with a uniform fan-out. We
will brie y onsider the ase of a tree with non-uniform
fan-out in Se tion 4.
Be ause of the re ursive stru ture of the input of the
algorithm, the shared tree with fan-out x, we de ne the
work indu tively, i.e. express the work asso iated with
a tree of height i in terms of the work asso iated with
its subtrees of height i 1. Note, that the number of
pro esses, whi h of ourse plays an important role in determining the work, is 2i (given a tree of height i). In
our rst indu tive de nition of work, however, we will
de ouple the number of pro esses and the height of the
input tree, be ause, as we will see, subtrees of the input tree an be overloaded with pro esses (and will be
overloaded in a worst ase s enario).
We introdu e Wi;j as an upper bound on the work
on a tree of height i  j for a subsystem of 2j pro esses
with pids uniformly distributed for i. Here, we use the
de nition that a subsystem of 2j pro esses has pids uniformly distributed for i if every bit sequen e of length i
is a suÆx of the pids of pre isely 2j i pro esses of the
subsystem.
Lemma 4. The work estimates Wi;j satisfy the following re ursive equations.
W0;j = 2j
(1)
j
Wi+1;j = 2 + (x 1)Wi;j 1 + Wi;j
(2)
Proof. Equation (1) is justi ed by the observation that,
when 2j pro esses start to work on a tree of height 0, a
single leaf, they will all all pro edure traverse on e to
set the array item asso iated with the leaf to 1, resulting
in a work of 2j .
Equation (2) is proved in the following way (see also
Figure 4). When 2j pro esses with pids uniformly distributed for i + 1 treat a tree of height i + 1, all of
them rst have to all pro edure traverse at the root
of the subtree. This a ounts for the summand 2j in the
right-hand side of (2). Next, the pro esses split up in two
groups of pro esses, a ording to the bit at position i + 1
from the end of their pids. Sin e the pids are uniformly
distributed over i + 1, both groups have size 2j 1 and
have pids uniformly distributed over i. One group treats
the subtrees from left to right and the other group vi e
versa. The ollision prin iple implies that the two groups
interfere in at most one of the x subtrees, the one where
they ollide (the shaded sub-tree in Figure 4). The work
asso iated with the subtrees an therefore be split in x 1
times the work of 2j 1 pro esses on a tree of height i (the
summand (x 1)Wi;j 1 ), and the work of 2j pro esses
on a single tree of height i (the summand Wi;j ).

ut

In order to be able to simplify the re urren e relation
from Lemma 4, we need the following property whi h
states that doubling the number of pro esses doubles
the work:
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Lemma 5. For j > i, we have
2  Wi;j

1
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tions.

j

2 proc.

2

Write-All

= Wi;j

(3)

Proof. We prove this by indu tion on i. For i = 0 we
have 2  W0;j 1 = 2  2j 1 = 2j = W0;j . Assuming that
the property holds for i, we derive for i +1: 2  Wi+1;j 1 =
2  (2j 1 + (x 1)  Wi;j 2 + Wi;j 1 ) = 2j + (x 1)  2 
Wi;j 2 + 2  Wi;j 1 = 2j + (x 1)Wi;j 1 + Wi;j = Wi+1;j .

ut

The above property an also be explained in terms
of pids. When the number of pro esses is doubled, they
will have to share pids (be ause j > i). Ea h pro ess will
have a doppelganger that follows the exa t same route
through the tree. This imitative behaviour explains the
doubling of the work.
This leads to the introdu tion of wi , whi h, for i  0,
denotes the work of 2i pro esses on a tree of height i, so
wk = Wk;k .

2k i (x + 1)i

= f simple math g
(x + 1)k+1 2k+1
x 1
= f even more simple math g
x + 1 (x + 1)k 2k+1
x 1
x 1
k+1
x
 f x  2, hen e x + 11  3 and x2 1
3  (x + 1)k

Hen e, we have wk = O((x + 1)k ). We would like to
express the work in terms of N and P , so we do some
more al ulations on (x+1)k , using the equalities N = xk
and P = 2k :
(x + 1)k = xk

w0 = 1

(4)
(5)

wi+1 = 2i+1 + (x + 1)wi

Proof. Be ause of Lemma 5 we an rewrite the se ond
equation of the de nition of W as follows:

Wi+1;j = 2j + (x 1)Wi;j
= 2j + (x + 1)Wi;j

1

+ 2  Wi;j

1

1

The equations now follow easily by setting j = i + 1.

wk .

ut

Finally, we al ulate an appropriate upper bound for

Theorem 1. The Generalized Collision algorithm solves

the asyn hronous Write-All problem with work omplexx+1
ity O(N  P log( x ) ), where x = N 1= log(P ) .

Proof. Starting from the equations of Lemma 6, we arrive at the desired result with straightforward al ula-

(x + 1)k

xk 
x+1 k
= xk
x


x
+ 1 log(P )
=N
x
log( x+1
x )
=N P


Lemma 6. The work estimates wk satisfy the following
re ursive equations.

>0g

ut

4 Non-uniform fan-out
Although we were able to prove orre tness of the algorithm for trees with non-uniform fan-out, we did assume
uniform fan-out for our omplexity al ulations. This assumption proved very useful for obtaining a result whi h
an easily be ompared with work al ulations for other
algorithms.
Nonetheless, we laim that this assumption is not
riti al for the performan e of our algorithm. Cal ulations and experimentation support this laim. Examples
show that, stri tly speaking, an optimal work omplexity is almost never a hieved with a uniform fan-out. In
almost all ases the work omplexity an be slightly improved by rebalan ing the tree, while still keeping it
quasi-uniform. By quasi-uniform we mean that the nodes
at the same level of a tree have equal fan-out.
In the ase of quasi-uniform fan-out the work load
an be given as a losed expression that ontains sum and
produ t quanti ers. This goes as follows. Let us assume
that every node at level i has fan-out xi . The nodes at
level 0 are leaves. So we have x0 = 0. The analysis of
Se tion 3.3 an be repeated and then yields instead of
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formula (5) the re ursive equation

wi+1 = 2i+1 + (xi+1 + 1)wi
This implies that the total work load satis es

wk =

k
X

2i

i=0

k
Y

(xj + 1)

j =i+1

We nowQhave to minimize the value of wk under the onstraint kj=1 xj  N for given value of k . It is not hard to
make a fun tional program, e.g., in the language Haskell,
to solve this optimization problem for given values of N
and k .
It is even possible to nd an approximate solution
by analyti means. For that purpose, we de ne the real
fun tions f (x) and g (x) with x = (x1 ; : : : ; xk ) 2 IRk by

f (x) =

k
X
i=0

2i

k
Y

(xj + 1)

; g(x) =

j =i+1

k
Y

xj N

j =1

We are only interested in ve tors x with all oordinates
xi > 0 (and preferably natural). So, now we have to minimize f (x) under the onstraint g (x) = 0 and all xi > 0.
A ording to the method of Lagrange multipliers (see
e.g. [2℄ p. 315), we have that, if fun tion f has an extremum at x under the onstraint g (x) = 0, the gradient
of f at x is a real multiple of the gradient of g . In this
way, one nds that there is one optimal ve tor x and
that it satis es the re urren e relation

xr = x1 =(1 + 2

i
r 1Y
X

i=1 j =2

2(xj + 1) 1 )

Note that this formula is independent of k . It implies that
the numbers xr form a de reasing sequen e of positive
reals. In parti ular, we have x2 = 31 x1 . Of ourse, this
only yields the optimum if the numbers xi are allowed
to be real.
The Haskell program mentioned above shows that
for N = 12000 and k = 5, the optimal work load is
obtained for the sequen e x with x1 = 16, x2 = 6, and
x3 = x4 = x5 = 5 In the general ase we see that an
optimal work omplexity is obtained if the fan-out for
all levels are approximately the same, ex ept for the fanout at the level above the leaves, whi h should be three
times larger.
We expe t that in pra ti e rebalan ing the tree will
yield at most a onstant speed up in performan e.

5 Observations and on lusions
We have presented an algorithm for the asyn hronous
Write-All problem. This algorithm is suitable for a multipro ess environment. It has good performan e due to
the la k of expli it syn hronization. In parti ular this is
the ase when the task of setting a variable to one is repla ed by a more time onsuming operation. Moreover,
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the algorithm is fault tolerant in the sense that it works
orre tly even if individual pro esses an fail or an stop
and resume arbitrarily, assuming that not all pro esses
die. Finally, our algorithm performs a kind of dynami
load balan ing. Every pro ess he ks in a spe i order
all the tasks that must be exe uted and if it nds one
that has not been performed, it arries it out. Due to
the data stru tures involved, this an be done with minimal dupli ation of work. This guarantees a distribution
of tasks over pro esses, where no pro ess will idle when
work an be done.
A potential drawba k of our algorithm is that it utilizes on ompare and swap registers. An interesting question is whether these an be repla ed by atomi reads
and writes. We believe that orre tness of the algorithm
is maintained by repla ing the ompare and swap register in a straightforward way by atomi reads and writes,
but that the work in reases. We believe that this is even
the ase when the ompare and swap register is repla ed
by a test and set register.
Our algorithm improves upon existing asyn hronous
algorithms in several ways. In omparison with most
published algorithms it has a better order of performan e. This does not hold for algorithms AW and AW T ,
whi h are based on a rather di erent algorithmi onept than our algorithm. Algorithm AW `only' improves
upon our algorithm with high probability, although we
expe t that in pra ti e this algorithm has a good performan e. From a theoreti al perspe tive AW T performs
better than our algorithm, but due to a high initial onstant amount of work AW T is not suitable for any pra ti al purposes.
To as ertain these ndings, we have implemented our
algorithm and have run it for di erent numbers of proesses, where we ompared the number of pro ess steps
with the worst ase estimate of the amount of work that
needs to be done. Without going into detail, as we believe
that it is very hard to draw universal on lusions from
experiments, we found that the work always remained
far below our worst ase estimate.
Finally, we make some observations on erning the
restri tions on the values for N and P. In the ase that
we use a tree with uniform fan-out as the shared data
stru ture, an array of size N = xk an be a ommodated. However, su h uniform fan-out is not needed for
obtaining an optimal work omplexity. By adjusting the
fan-out of the nodes in the tree, it is possible to a ommodate an array with arbitrary size N . Furthermore,
sin e pro esses need not exe ute, we an take P  2k ,
provided all pro ess identi ers di er and have a length
at least equal to the depth of the tree. The work remains
essentially the same.
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