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|||||||| Domination in decision theory

Given the utility function v : X x Q — R, a decision option y in X is
strongly dominated by a randomized strategy o in A(X) such that
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dominated|strategy That is, y is strongly dominated by o if, no matter what the state might
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Example be, o would always be strictly better than y.
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-Example A randomized strategy o Is any probability distribution over the set of
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X = {&,B,’Y},Q — {91792}

Decision 01 02
o' 8 1

3
Y 4 7

B is strongly dominated by the randomized strategy 0.5[c«] + 0.5[7].
= |f the true state were 6,,then 0.5 x 8 +0.5 x4 =6 > 5.

m |f the true state were 65,then 0.5 x 1 +0.5x 7=4 > 3.
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|||||||| Strongly dominated strategy

Given any strategic-form game I' = (N, (C;)ien, (u:)ien ), any player
Eiimination of Strongly ¢ In N, and any strategy d; in C;, d; is strongly dominated for player 2
Dominated Strategies Iff there exists some randomized strategy o; in A(C};) such that

Part 1

-Domination in decision
theory

-Example
-Strongly dominated E U’i<€i)ui(c—i7 61’) > u’i(c—% dl)a Ve, € C.
strategy e; € Cz‘

-Example
-Elimination of strongly

dominated strategy A randomized strategy o for a player ¢ is any probability distribution

-Example

-Example

“Example over the set of C;.
-Example

-Example

-Example

-Example

-Elimination process

-Elimination process

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Jun Pang, SaToSS, April 15th, 2008 Chapter 2, Models of Game - p. 5/68


http://satoss.uni.lu/jun

Wil Example

ot 1 The simple card game in the strategic form.
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-Domination in decision

theory Cl M P
-Example

-St ly dominated

S Rr 0,0 1, -1
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-Elimination of strongly Rf 05 ) —05 O s O
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-Elimination process

strategy 0.5[Rr| 4+ 0.5[Rf] + 0.0[F'r|.
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“'“ ||| Elimination of strongly dominated strategy

d; 1s strongly dominated for player 7 if and only if d; can never be the
best response for 2, no matter what he may believe about the other
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Elimination of Strongly

Dominated Strategies p|ayers’ Strategiesl

-Domination in decision

theory o ) ] .

-Etxampl'ed . So, eliminating a strongly dominated strategy for any player ¢ should
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strategy affect the analysis of the game, because player ¢ would never use this

-Example

-Elimination of strongly strategy, and this fact should be evident to the other players if they are

dominated strategy

-Example intelligent.
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-E I - c ..
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-Example
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Question

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

A game in the strategic form.

Ca
C1 L2 Y2 22
ai 2,3 3,0 0,1
by 0,0 1.6 4,9

. for player 2, which strategy is strongly dominated?
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-Example
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-Example
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Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

A game in the strategic form.

C
Ch T2 Y2 22
a1 2,13 3,10 0, 1
b1 0,10 1,6 4, 2

zo Is strongly dominated for player 2 by 0.5[x2] + 0.5[yz2].
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Representation
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A game in the strategic form.

Ca
C1 T2 Y2
ai 2,3 3,0
by 0,0 1.6

. for player 1, which strategy is strongly dominated?
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Wil Example

oart 1 A game in the strategic form.
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Dominated Strategies 2
-Domination in decision

theory Cl To Y2
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strategy a1 27 3 37 0
-Example

-Elimination of strongly

dominated strategy ] ) ) ]
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-Example
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-Example

-Example

-Example
-Elimination process
-Elimination process

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

A game in the strategic form.

01 T2 Y2
ai 2, 3 3, 0)

y2 IS strongly dominated for player 2.
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Example

Part 1
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-Domination in decision
theory

-Example

-Strongly dominated
Strategy

-Example
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-Example

-Example

-Example

-Example

-Example

-Example

-Elimination process
-Elimination process

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

A game in the strategic form.

C-
Cl o
al 2, 3

In this game, the iterative elimination of strongly dominated strategy
leads to a unique prediction as to what the players should do.
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Elimination process
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Strategy
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-Example

-Example

-Example

-Example
Elimination process
-Elimination process

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Given a general strategic form game I' = (N, (Ci)ien, (u;)ien). For
any player 1, let CZ.(” denote the set of all strategies in C; that are not
strongly dominated for s. Then let 'Y be the strategic form game

) = (N, (CZO))@‘EN; (wi)ien).

Then by induction, for every positive integer k, we can define the
strategic form game I'(®).

(k) — (N, (Cfm)iez\f, (ui)ien)

where for each player 4, C,L.(’“) IS the set of all strategies in Ci(k_l) that
are not strongly dominated for s in the game I'*—1).

Note that the utility function has to be reinterpreted to smaller domain
XjenCS"
JEN j
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Elimination process
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Strategy
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-Example

-Example
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-Example
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Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

It is easy to see that
c;ocVoc®oce® o...

Since we started with a finite game I", there must exist some number
K such that

O =g =0 =oos | G ERN
Let (> = 1) and (™) = ) for every i € N. The strategies in
C{> are iteratively undominated. The game I'(® is the residual
game generated from I' by iterative strong domination.
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Weakly dominated strategy
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dominated strategy
-Elimination of weakly
dominated strategy

Multiagent
Representation

Part 2

Common Knowledge

Given any strategic-form game I' = (N, (C;)ien, (u:)ien ), any player
¢ In N, and any strategy d; in C;, d; is weakly dominated for player 7 iff
there exists some randomized strategy o; in A(C};) such that

Z oi(ei)ui(c—i,ei) > ui(c—i, di), Ve_; € Uy,

e; €C;

and, for at least one strategy combination ¢_; in C_;,

Z ai(ei)ui(é_i,ei) > w(é_z,dz)

€e; GCZ'

Question: can we eliminate weakly dominated strategies?
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||||| ||| Elimination of weakly dominated strategy

It is harder to argue that eliminating a weakly dominated strategy
Eimination o Strongly should not affect the analysis of games, because weakly dominated
Dominated Strategies strategies could be the best responses for a player, if he feels
Elimination of Weakly confident that some strategies of other players have probability O.

Dominated Strategies

Part 1

-Weakly dominated

strategy Theorem 1.7: Given the utility function v : X x Q — R, given y in X,
il here exist a randomized strategy o in A(X) such that y is weakly
EZQEE dominated by o if and only if there does not exist any probability
s distribution p in A~°(2) such that y is optimal.

-Example

EZﬂEIE A~9(Q) is the set of probability distribution that assign strictly positive
e probability to every state in .

o s(i:z:tveeglydy More about technical difficulties ...

-Elimination of weakly
dominated strategy

Multiagent
Representation

Part 2

Common Knowledge
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Multiagent
Representation
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Common Knowledge

A game in the strategic form.

C
C1 T2 Y2
x1 3,2 2.2
Y1 1.1 0,0
21 0,0 1.1

z1 Is strongly dominated for player 1.
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Wil Example

ot 1 A game in the strategic form.

Elimination of Strongly C
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Dominated Strategies

_\Sﬁ/;?lgly dominated T1 37 2 27 2
aqy

-Elimination of weakly

dominated strategy Y1 ]-7 1 07 0

-Example

-Example
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Common Knowledge

A game in the strategic form.

C
C1 T2 Y2
1 3, 2 2, 2
Y1 1,01 0, 0

y2 1S weakly dominated for player 2.
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Representation

Part 2

Common Knowledge

A game in the strategic form.

C
C1 T2 Y2
x1 3,2 2.2
Y1 1.1 0,0
Z1 0,0 1.1

y1 IS strongly dominated for player 1.
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A game in the strategic form.

C
C1 2 Y2
1 3,2 2,2
21 0,0 1,1

. which strategy is weakly dominated for player 27
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Wil Example
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strategy 0l 37 2 2’ 2

-Elimination of weakl
dominated strategy ’ <1 O, 0 1, 1
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Multiagent
Representation

Part 2

Common Knowledge

A game in the strategic form.

C
C1 T2 Y2
x1 3,2 2.2
Y1 1.1 0,0
21 0,0 1.1

y1 and z; are strongly dominated for player 1.
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Wil Example
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Elimination of Strongly C
Dominated Strategies 2

Elimination of Weakly Cl o Y2
Dominated Strategies

-Weakly dominated T 3.2 2,2
strategy 1 ) 3

-Elimination of weakly

dominated strategy

-Example . . .

-Example Neither of player 2’s strategies would be weakly dominated!
-Example

-Example

Example Thus, which of player 2’s strategies would be eliminated by a process
“Example of iterative elimination of weakly dominated strategies depends on the

-Example

Sample order in which we eliminate player 1's dominated strategies.
-Example

-Elimination of weakly

dominated strategy

-Elimination of weakly

dominated strategy
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Representation

Part 2
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||||| ||| Elimination of weakly dominated strategy

Eliminating strategies for other players can never cause a strongly

- dominated strategy for player 7 to cease being strongly dominated, but
o g{;:;‘;,?gg it can cause a weakly dominated strategy to cease being weakly
dominated.

Part 1

Elimination of Weakly
Dominated Strategies

-Weakly dominated
strategy

-Elimination of weakly
dominated strategy
-Example

-Example

-Example

-Example

-Example

-Example
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||||| ||| Elimination of weakly dominated strategy

bart 1 They are still useful concepts!

Elimination of Strongly The simple card game in the strategic form.

Dominated Strategies

Elimination of Weakly C
Dominated Strategies 2
-Weakly dominated

strategy C 1 M P

-Elimination of weakly

dominated strategy Rr 0 , 0 1 ; —1

-Example
-Example
ap Rf 0.5, 0.5 0,0
-Example

-Example Fr -0.5 ,05 1 y —1

-Example
-Example Ff 0 : 0 0 : 0
-Example
-Example
-Elimination of weakly
dominated strategy

Elimination of weakly Fr and F'f are weakly dominated strategies for player 1.

dominated strategy

Multiagent It expresses that the intuition that player 1 should not fold when he
ATy has a winning card.

Part 2

Common Knowledge
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Motivation for multiagent representation

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

-Motivation for
multiagent

representation
-Multiagent

representation
-Multiagent

representation
-Example
-Example
-Example
-Example
-Example
-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

It should not matter if a given player in a game I'“ were represented
by a different agent in each of his possible information states,
provided that these agents all share the same preferences and

information of the original player.
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||||| ||| Multiagent representation

Let I'° be any given game in extensive form, and let NV denote the set
of players inI'“. For any : € N, let S; denote the set of information

Part 1

Elimination of Strongly

Dominated Strategies states for player ¢ that occur at the various nodes belonging to ¢ in the
Elimination of Weakly game. We assume that these S; sets are disjoint, S; N S; = 0 if i # j.
Dominated Strategies

Multiagent The set of players in the multiagent representation of I'“ is

Representation

-Motivation for

multiagent S* — UzENSZ

representation
-Multiagent

representation
-Multiagent

representation
-Example
-Example

-Example A temporary agent r representing player : is responsible for choosing

-Example

Example the move that : would make when the path of play reaches a node
“Condlusion that is controlled by i with the information state r.

The players in the multiagent representation are referred as
temporary agents.

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information
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Multiagent representation

Part 1
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Elimination of Weakly
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Multiagent
Representation

-Motivation for
multiagent

representation
-Multiagent

representation
-Multiagent

representation
-Example
-Example
-Example
-Example
-Example
-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

Let D, be the set of moves controlled by player i in the information
state r. (It denotes the set of strategies for the temporary agent r in
the multiagent representation of I'“.)

The utility functions v,. for the temporary agents are defined to
coincide with the utility functions u; of the corresponding players in the
normal representation.

Formally, for any : € N and any r € S;, we define v, : X.cs« D. — R,
so that for any (ds)ses* in Xses= Ds, If (¢;)en IS the strategy profile
for the normal representation such that c;(t) = d; for every j € N and
every tin S;, then v, ((ds)ses*) = ui((cj)jen).

Now, we arrive at the multiagent representation of I'“:

(S*a (D'r')'rES* ) (U’r')r'ES* )
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Example

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

-Motivation for
multiagent

representation
-Multiagent

representation
-Multiagent

representation
-Example
-Example
-Example
-Example
-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

@8,6

@0,0

—@38,0

@02

Question: can you construct the normal representation of the game?
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Wil Example

N = {1,2},01 = {alwl,alxl,blwl,blxl},C’g = {yQ,ZQ}

Part 1

Elimination of Strongly C
Dominated Strategies 2

Elimination of Weakly 01 Y2 V)

Dominated Strategies
ai1wi 5, 0 1, 1

Multiagent
Representation
-Motivation for a1x1 4, 0 4, 0
multiagent

representation b 1W1 8 3 O 1
-Multiagent ) )
representation

-Multiagent b1z 7, 3 3, 0
representation
-Example
-Example
ZEE Question: which strategy is strongly dominated?
-Example

-Example

-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information
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Wil Example

Part 1

N = {1,2},01 = {alwl,alxl,b1w1,b1,$1},02 = {yQ,ZQ}

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Co

01 Y2

22

Multiagent
Representation

-Motivation for
multiagent

representation
-Multiagent

representation
-Multiagent

ai1wi 2,0
ai1T1 4,0
b1 w1 8,3
bix1 {3

1,1
4,0
0,1
3.0

representation
-Example
-Example

ai1w; is strongly dominated for player <.

-Example
-Example
-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information
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Wil Example

ot The corresponding multiagent representation:

Elimination of Strongly S* = {1, 2, 3}, D1 = {(1,1, bl}, D2 = {’U]l,xl}, D3 = {y2, 22}

Dominated Strategies

Elimination of Weakly >
Dominated Strategies Y2 2

Multiagent w1 L1 w1 Ll
Representation
-Motivation for al 5, 5, 0 4, 4, 0 ]., ]., 1 4, 4, 0
multiagent
representation
Multiagent b1 8,8,3 7,7,3 0,0,1 3,3,0
representation
-Multiagent
representation _ ) ) ]
-Examp:e Question: which strategy is strongly dominated?
-Example
-Example
-Example
-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information
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Example

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

-Motivation for
multiagent

representation
-Multiagent
representation
-Multiagent
representation
-Example
-Example
-Example
-Example
Example
-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with

Incomplete Information

The corresponding multiagent representation:

S* = {1,2,3},D1 = {al,b1},D2 = {wl,xl},Dg p— {QQ,ZQ}

Y2 <2
w1 T w1 L1
ai 5,9,0 4,4,0 1,1,1 4,.4,0
b1 8,8,3 7,7,3 0,0,1 3,3,0

No strategies are strongly or weakly dominated. (For each temporary
agent, each of his two strategies is a unigue best response to some
combination of strategies by the other two agents.)
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||||| ||| Conclusion

Part 1

Elimination of Strongly

A domination argument that may seem rather convincing when we
only consider the normal representation becomes more questionable

Dominated Strategies when we consider the multiagent representation.

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

-Motivation for
multiagent

representation
-Multiagent

representation
-Multiagent

representation
-Example
-Example
-Example
-Example
-Example

-Conclusion

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information
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il Schedule

. m 2.7 Common knowledge

Elimination of Strongly m 2.8 Bayesian games

Dominated Strategies

Elimination of Weakly m 2.9 Modelling with incomplete information

Dominated Strategies

Multiagent
Representation

Part 2

-Schedule

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information
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Example

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge
Example

-Example

-Common knowledge
-Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with
Inr‘nmlnlnm Infoarmation

The simple card game:
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Example

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example

Example

-Common knowledge
-Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with
Inr‘nmlnlnm Infoarmation

. 2.0
raise
® Meet @ -2 2
1.b
fold =
® .11 1, -1

Player 1 has drawn a black card, he intends to reason as modeled in
the above figure.
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Example

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example

Example

-Common knowledge
-Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

raise 2.0

1.b
fold =

® 11

Player 1 has drawn a black card, he intends to reason as modeled in
the above figure.

However, player 2 does know payoffs as shown above. She does not
know the color of the card.

Inr‘nmlnlnm Infoarmation
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Common knowledge

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example
-Example

-Common knowledge
-Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

A fact is common knowledge among the players if every player knows
it, every player knows that every player knows it, and so on.

So common knowledge is a statement of the form “(every player
knows that)* every player knows it" is true, for k = 0,1,2, - - - .

A player’s private information is any information that he has that is not
common knowledge among all the players in the game.

Inr‘nmlnlnm Infoarmation
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Common knowledge

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example

-Example

-Common knowledge
Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

A model of game must be common knowledge among the players (by

the intelligence assumption):

m whatever we know or understand about the game must be known or
understood by the players of the game, since they are as intelligent

asS We are,

Inr‘nmplnm Infoarmation
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Common knowledge

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example

-Example

-Common knowledge
Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

A model of game must be common knowledge among the players (by
the intelligence assumption):

m whatever we know or understand about the game must be known or
understood by the players of the game, since they are as intelligent
as we are;

= whatever model of the game we may study, we must assume that
the players know this model too;

Inr‘nmlnlnm Infoarmation
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|||||||| Common knowledge

A model of game must be common knowledge among the players (by
the intelligence assumption):

Part 1

Elimination of Strongly
Dominated Strategies

m whatever we know or understand about the game must be known or

Elimination of Weakly

Dominated Strategies understood by the players of the game, since they are as intelligent
Multiagent asS we are,

Representation

Part 2 = whatever model of the game we may study, we must assume that
Common Knowledge the players knOW thIS mOdeI tOO;

-Example

anmpe » furthermore, since we know that the players all know the model, the
-Common knowledge

intelligent players must know that they all know the model;

-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

Inr‘nmlnlnm Infoarmation
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|||||||| Common knowledge

A model of game must be common knowledge among the players (by
the intelligence assumption):

Part 1

Elimination of Strongly
Dominated Strategies

m whatever we know or understand about the game must be known or

Elimination of Weakly

Dominated Strategies understood by the players of the game, since they are as intelligent
Multiagent asS we are,

Representation

Part 2 = whatever model of the game we may study, we must assume that
Common Knowledge the players knOW thIS mOdeI tOO;

-Example

anmpe » furthermore, since we know that the players all know the model, the
-Common knowledge

intelligent players must know that they all know the model;

-Common knowledge
-The cheating husbands

puzzle = now, we also recognize that the intelligent players also know that
-The cheating husbands

puzzle they all know that they all know the model,;

-The cheating husbands

puzzle

-The cheating husbands u and SO on ...

puzzle

Bayesian Games

Modeling Games with

Inr‘nmlnlnm Infoarmation
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Common knowledge

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example

-Example

-Common knowledge
-Common knowledge
-Common knowledge
-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

A node is called historical node, at the time when the game model is
formulated and analyzed, the outcome of this node has already
occurred and is known to some (but not all) players.

The root node in the extensive form must represent a situation at
some time in the past before the players learned their private
information, so everything that any player then knew about the game
was common knowledge.

All relevant private information that players may have now must be
accounted for by nodes and branches representing the past events
that the players may have observed.

Inr‘nmlnlnm Infoarmation
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||||| ||| The cheating husbands puzzle

A certain village contains a number of married couples, of which 100
husbands are cheating on their wives. Every woman is aware of all

Part 1

Elimination of Strongly

Dominated Strategies the cheating taking place, expect for the infidelities of her own

E'J,Tn‘{:,?:;’;‘g{rﬁigﬁi husband. In order to uphold a strict morality, the women of the village
| make a pact: any woman who learns that her husband has been

Z:S:zz:ziaﬁm cheating will bring her husband to the public square of the town for all

Part 2 to see. However, because no one wants to tell another woman that

Common Knowledge her husband is being unfaithful, this information is never

ZE§22212 communicated, and so, the cheating continues.

-Common knowledge
-Common knowledge
-Common knowledge

Some time later, at a town meeting, the chief announces, “I| want the
HAELE el cheating in this village to stop." Then, 99 days pass uneventfully, but

puzzle

The cheaing husbands g the 100-th day, all 100 cheating husbands are put at the public

puzzle

-The cheating husbands square by their wives.

puzzle
-The cheating husbands

puzzle Question: how did this happen?

Bayesian Games

Modeling Games with

Inr‘nmlnlnm Infoarmation
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||||| ||| The cheating husbands puzzle

. = |f there is only one cheating husband, his wife knows that no one

else’s husband is cheating, so hers must be because there is at

Elimination of Strongly

Dominated Strategies least one cheating husband. She brings him to the public square on
Elimination of Weakly day one.

Dominated Strategies

Multiagent = |f there are two cheating husbands, each wife sees the other

Representation

cheated-on wife not bring her husband to the public square on day

Part 2

one, and therefore concludes that her own husband is cheating.

Common Knowledge

(The other wife would only bring her husband to the public square if

-Example

-Example I

P she knew that no other husbands were cheating. Because she
common knowlecoe doesn’t bring him, at least one other husband must be cheating.
-Common knowledge

PULSCIEU SR Because the only unknown value for the first wife is her own

puzzle

Jiheicheating/husbands husband, she concludes that he must be cheating.) Both wives

puzzle

“The cheating husbands bring their husbands to the public square on day two.
puzzle

-The cheating husbands

puzzle

Bayesian Games

Modeling Games with

Inr‘nmplnm Infoarmation
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The cheating husbands puzzle

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example
-Example
-Common knowledge
-Common knowledge
-Common knowledge

-The cheating husbands

puzzle

-The cheating husbands

puzzle

-The cheating husbands

puzzle

-The cheating husbands

puzzle

Bayesian Games

Modeling Games with

m |f there are three cheating husbands, each wife sees the other
cheated-on wives not bring her husband to the public square on
day one, or day two. Therefore, she concludes that her own
husband is cheating. (The other wives must know someone else is
cheating, and that someone else must be her husband.) All three
bring their husbands to the public town on day three.

= Thus, by induction, given k cheating husbands, they will all be
brought to town on day k.

Question: what did the chief tell the wives that they did not already
know?

Inr‘nmlnlnm Infoarmation
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The cheating husbands puzzle

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

-Example
-Example
-Common knowledge
-Common knowledge
-Common knowledge

-The cheating husbands

puzzle

-The cheating husbands

puzzle

-The cheating husbands

puzzle

-The cheating husbands
puzzle

Bayesian Games

Modeling Games with

= Before the chief’s statement, every statement of the form “(every
wife knows that)” there is an unfaithful husband" was true for
k < 99 but not for k¥ = 100.

m For example, wife 1 knew that 2 knew that 3 knew that ... that 99
knew that 100’s husband was cheating, but wife 1 did not know that
wife 2 knew that 3 knew that ... that 100 knew that 1's husband was
cheating.

= After the meeting, the chief’s statement made it common
knowledge that there was an unfaithful husband.

Inr‘nmlnlnm Infoarmation
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||||| ||| Games with incomplete information

A game with incomplete information is a game in which, at the first
point in time when the players can begin to plan their moves in the

Part 1

Elimination of Strongly

Dominated Strategies game, some players already have private information about the game
Elimination of Weakly what other players do not know.
Dominated Strategies
Multiagent = |t is unnatural to define the beginning of the game to be some point
Representation ; ] . .
In the distance past before the players learned their private
Part 2 c :
= information.

Common Knowledge

Bavec = Furthermore, some parts of a player’s private information may be
ayesian Games

basic to his identity so that it is not even meaningful to talk about
ORI him planning his actions before learning this information.

-Representation
-Representation

“Representation The initial private information that a player has is called the type of the

-Representation

-Representation playe I.
-Example

-Example

-Example

-Example

-Consistency in belief

-Equivalence

-Equivalence

-Tvpe-agent
J T ~
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||||| ||| Representation

How to represent games with incomplete information (Bayesian
games)?

Part 1

Elimination of Strongly
Dominated Strategies

Harsanyi’s approach to modelling a Bayesian game, a generalization

Domimated Strateqies of the strategic form, in such a way allows game of incomplete
Vuliagent information to become games of imperfect information (in which the
Representation history of the game is not available to all players).

Part 2

Common Knowledge

Bayesian Games
-Games with incomplete

information
-Representation

-Representation
-Representation
-Representation
-Representation
-Representation
-Example
-Example
-Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

-Tvpe-agent
J T ~
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|||||||| Representation

ot 1 Formally, a Bayesian game has the following form

_ ,
Dominsied Srtopies [* = (N, (Ci)ien, (Ti)ien, (Pi)ien, (ui)ien)-

Elimination of Weakly
Dominated Strategies

Multiagent m N: a set of players, for each playeri: € N
Representation

oart 2 m (;: aset of possible actions,

ar

Common Knowledge

T;. a set of possible types,

Bayesian Games
-Games with incomplete
information

-Representation B oy a ut|||ty function.

Representation

-Representation

epresentaon I'® is called finite iff the sets N, C; and T; are all finite.
-Representation

-Representation

-Example Common knowledge: each player knows the structure of the game
-Example ; ;

T and his own actual type in 7.

-Example

-Consistency in belief

-Equivalence

-Equivalence

= p;:. a probability function, and

-Tvpe-agent
JT ~
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||||| ||| Representation

Let C' = X;enC; and T = X;enT5.

Part 1

EMiflieion o Sivanly m ('is the set of all possible profiles or combinations of actions that
Dominated Strategies _
the players may use in the game, and

Elimination of Weakly
Dominated Strategies

m T is the set of all possible profiles or combinations of types that the

Multiagent .
Representation players may have in the game.
Part 2 For each player i € N,

Common Knowledge

T-i = Xjen—j1;

Bayesian Games
-Games with incomplete
information

Representation denotes the set of all possible combinations of types of the players
-Representation .

-Representation Other than 1,

-Representation

-Representation C—i — Xj EN—j Cj

-Representation

-Example denotes the set of all possible combinations of actions of the players

-Example

-Example other than <.
-Example

-Consistency in belief

-Equivalence

-Equivalence

-Tvpe-agent
J T ~

Jun Pang, SaToSS, April 15th, 2008 Chapter 2, Models of Game - p. 52/68


http://satoss.uni.lu/jun

Representation

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

-Games with incomplete

information
-Representation

-Representation
-Representation
Representation
-Representation
-Representation
-Example
-Example
-Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

pi Ty — A(T_;), that is, for any possible type t; in T;, the probability
function must specify a probability distribution p;(. | t;) over the set
T_;, representing what player ¢ could believe about the other players’
types if his own type were t;.

Foranyt_, € T_;, p;(t—, | t;) denotes the subjective probability that i
would assign to the event that ¢_; is the actual profile of types of the
other players, if his own type were t;.

-Tvpe-agent
JT ~
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Representation

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games
-Games with incomplete

information
-Representation

-Representation
-Representation
-Representation
Representation
-Representation
-Example
-Example
-Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

u; » C'x T — R, that is for any profile of actions and types (c,t) in

C x T, the function u; must specify a number u;(c, t) that represents
the payoff that player ¢ would get, if the players’ actual types were all
as in t, and the players all choose their actions as specified in c.

Games in Bayesian form:

Fb — (N, (C/I;)q;eN, (Ti>i€N7 (pz')iEJ\h (u7)?€N>

Games in strategic form:

[' = (N, (qu)q:eN, (U’i)i€N>

-Tvpe-agent
JT ~
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Representation

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games
-Games with incomplete

information
-Representation

-Representation
-Representation
-Representation
-Representation
Representation
-Example
-Example
-Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

Action vs. strategy:

an action in a Bayesian game may represent a plan that specifies a
move for every contingency that the player would consider possible
after he has learned his type;

a strategy would normally be thought of as a complete plan covering
all contingencies that the player would consider possible, before he
has learned his type.

A strategy for player 7 in a Bayesian game is a function from 7 into his
set of actions C;. A strategy must not only specify the actions of the
player given the type that he is, but must specify the actions that he
would take if he were of another type.

-Tvpe-agent
JT ~
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Wil Example

The simple card game is a Bayesian game, if we assume that player 1

o already knows the color of the card when the game begins.
Elimination of Strongly
Dominated Strategies 1, -1 ® 2, -2

Part 1

Elimination of Weakly
Dominated Strategies

Fold

Multiagent
Representation

Raise

Part 2

Common Knowledge

Bayesian Games
-Games with incomplete

information
-Representation

-Representation
-Representation
-Representation fold
-Representation

-Representation _1’ 1
Example

“Example Note: this figure is not a game in Bayesian form.
-Example

-Example

-Consistency in belief

-Equivalence

-Equivalence

raise

-Tvpe-agent
JT ~
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Wil Example

The simple card game is a Bayesian game, if we assume that player 1
already knows the color of the card when the game begins.

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly . N - {17 2}’
Dominated Strategies

S s Ty = {l.a,1.b}, Tb = {2.0};
Multiagent .
Representation - Cl — {R, F}, 02 — {M, P},
Part 2

Common Knowledge

Bayesian Games P1 (20 | 1&) =1.0= D1 (20 | 1b),
-Games with incomplete
information

-Representation
-Representation
-Representation
-Representation
-Representation
-Representation
-Example
Example
-Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

pa(l.a | 2.0) = 0.5 = pa(1.b | 2.0);

u1(c,t) and uz(c, t) depend on (¢, t) = (c1,c2,t1,t2).

-Tvpe-agent
JT ~
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Example

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games
-Games with incomplete

information
-Representation

-Representation
-Representation
-Representation
-Representation
-Representation
-Example
-Example
Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

-Tvpe-agent
JT ~

The simple card game is a Bayesian game, if we assume that player 1
already knows the color of the card when the game begins.

t1 = l.a,tzs = 2.0

M P
R 2,-2 1,-1
F 1,-1 1,-1
t1 = 1.b,ts = 2.0

M P
R -2,2 1,-1
F -1,1 1,1
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Wil Example

A bargaining game: a seller (player 1) and a buyer (player 2), each

Part 1 knows the object is worth to himself, and thinks that its value to the
climmator g{;ggg;y other maybe an integer between 1 and 100 (euro), each with
cimination of Weaky probability 1/100. Each player will simultaneously name a bid
Dominated Strategies between 0 and 100. If the buyer’s bid is greater than or equal to the
Multiagent seller’s bid, then they will trade the object at a price equal to the
epresentation
average of their bids; otherwise no trade will occur.
Part 2
Common Knowledge m N = {1, 2},
o e e " 11 =T = {1,2,--,100};
information
il " C1=C>={0,1,2,---,100};
-Representation
-Regresentation u pz(t_q, | t@) = ]./].OO, Vi € N, Vi = (t_q;, t@) e T,
-Representation
:Esg::;imauon A (C, t) — (C1 -+ CQ)/Q — tl If C2 Z C1,
-Example
B Uo (C, t) = {9 — (61 -+ CQ)/2 if co > cq;
-Consistency in belief .
-Equivalence B Uy (C, t) = U2 (C, t) =0 if Co < C1.
-Equivalence

-Tvpe-agent
JT ~
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Consistency in belief

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

-Games with incomplete
information
-Representation

-Representation
-Representation
-Representation
-Representation
-Representation
-Example
-Example
-Example
-Example
Consistency in belief

-Equivalence
-Equivalence

The beliefs (p;).en In @ Bayesian game are consistent iff there exists
some probability distribution P in A(T") such that

P(t)

Z P(Sf@',tq;)

SfiETii

pi(t—i | ti) = , VteT, Vi e N.

For example, in the simple card game, beliefs are consistent with the
prior distribution

P(1l.a,2.0) = P(1.b,2.0) = 0.5
In the bargaining game,

P(t) = 1/10000, Vt € T = {1,2,--- ,100} x {1,2,--- ,100}.

All examples have consistent beliefs. Games with inconsistent beliefs
do exist!

-Tvpe-agent
JT ~
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il Equivalence

Two Bayesian games (N, (C;)ien, (T)ien, (pi)ien, (us)ien) and
ciminaton of Stongly (N, (Ci)ien, (Ti)ien, (¢:)ien, (w;)icen) are fully equivalent iff, for
Dominated Strategies every ¢ € N, there exist function 4; : 7; — R and B; : 1" — R such
Elimination of Weakly that, for every t; ¢ T;, A; (tz) > (0 and

Dominated Strategies

Part 1

Multiagent Q(t—z ’ ti)w,b(c, t) — AL(tz)p(t—z ’ t’i)u'é(cg t)+BL(t>, Ve € C, \V/t_@ c T—i-

Representation

Part 2

Sommen [KniEye Every possible type of every player, the two games impute probability
Bayesian Games and utility functions that are decision-theoretically equivalent. (A;(¢;)

-Games with incomplete

information depends on ¢; alone, B;(t) depends on the types of all players.)
-Representation
-Representation
-Representation
-Representation
-Representation
-Representation
-Example

-Example

-Example

-Example
-Consistency in belief

-Equivalence
-Equivalence

-Tvpe-agent
J T ~
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Equivalence

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games
-Games with incomplete

information
-Representation

-Representation
-Representation
-Representation
-Representation
-Representation
-Example
-Example
-Example
-Example
-Consistency in belief
-Equivalence
Equivalence

Any Bayesian game with finite type set is equivalent to a Bayesian
game with consistent beliefs.

Given any Bayesian game (N, (Cs)ien, (T3)ien, (pi)ien, (Wi)ien ), We
can construct such an equivalent Bayesian game by letting

qt—i | ti) =1/ | T—s | & wile,t) =] T—i | ps(t—i | ti)ui(c, t)

foreveryt: € N,t € T,and c e C.

The types are independent and uniformly distributed in the consistent
prior of the game (N, (Ci)ien, (Ti)ien, (¢i)ien, (wi)ien).

-Tvpe-agent
JT ~
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Type-agent representation

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

-Games with incomplete
information
-Representation

-Representation
-Representation
-Representation
-Representation
-Representation
-Example
-Example
-Example
-Example
-Consistency in belief
-Equivalence
-Equivalence

-Tuyne-anent

Jun Pang, SaToSS, April 15th, 2008

(N, (Cs)ien, (T3)ien, (Di)ien, (Wi)ien) = (I, (Dr)r € T, (vr)rer*)

One player or agent for every possible type of every player. Assume
that 7; N T; = () if i # 5. The set of player in the type-agent
representation is 1" = U, n'15.

Forany : € N and ¢; € T;, the set of strategies for agent ¢; in the
type-agent representation is ;. = ;.

Forany ¢ € N and ¢, € T;, the utility function v;, : Xser+Ds — R In
the type-agent representation is defined so that, for any
d = (d(S))SGT* in XSGT* DS

> pilt—i | t)ui((d())jen, (t5)jen):

ti/,'/GTii

Ut (d) —

(The conditionally expected utility payoff to player i in I'® given that ¢;
IS the actual type of player i.)
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|||||||| Difficuties in practical modeling

Practical modelling difficulties arise when players’ beliefs are

characterized by subjective probabilities, so the question of what one
Elimination of Strongly ; ; . . cye
Dominated Strategies player might believe about another player’s subjective probabilities
becomes problematic.

Part 1

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

-Difficuties in practical
modeling

-Example
-A paradox
-A universal belief space

-Construction of a
universal belief space
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Wil Example

oot 1 “Trivia quiz" game: in the simple card game, the outcome depends on

whether player 1 knows the correct answer to some randomly

Elimination of Strongly

Dominated Strategies selected question rather than the color of the card.

Elimination of Weakly

Dominated Strategies = Uncertainty: whether player 1 knows the answer to the question
l\RAeszgirzgs]zE:ation m Player 2’s belief about the uncertainty can be described by @), his
Part 2 subjective probablity of the event that player 1 knows the answer

Common Knowledge

= Player 1 may have some uncertainty about player 2’s Q, which can

Bayesian Games be described by some subjective probablity P

Modeling Games with

Incomplete Information = then player 2 must be able to describe his belief about player 1

-Difficuties in practical . . ) ; . . /
modeling belief about ), which is P, by some subjective probablity ()
Example
-A paradox

-A universal belief space . (gOeS to |nf|n|ty)

-Construction of a
universal belief space
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Wil A paradox

The less common knowledge is, the larger the sets of possible types
imination of Stongly must be, because a player’s type is a summary of everything he
Dominated Strategies knows that is not common knowledge.

Part 1

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

-Difficuties in practical
modeling
-Example

-A paradox
-A universal belief space

-Construction of a
universal belief space
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Wi I A paradox

The less common knowledge is, the larger the sets of possible types
imination of Stongly must be, because a player’s type is a summary of everything he
Dominated Strategies knows that is not common knowledge.

Part 1

Elimination of Weakly
Dominated Strategies

But these sets of types, as a part of the structure of a Bayesian game,
Eﬁé’é‘lii’iﬁiaﬁon are supposed to be common knowledge among players.

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

-Difficuties in practical
modeling
-Example

-A paradox
-A universal belief space

-Construction of a
universal belief space
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Wi I A paradox

The less common knowledge is, the larger the sets of possible types
cimination of Strongly must be, because a player’s type is a summary of everything he
Dominated Strategies knows that is not common knowledge.

Part 1

Elimination of Weakly
Dominated Strategies

But these sets of types, as a part of the structure of a Bayesian game,
l\RAeszglrzgs]zE:ation are supposed to be common knowledge among players.

Part 2

To describe a situation in which many individuals have substantial
uncertainty about one another’s information and beliefs, we may have
odling Games wit to develop a complicated Bayesian game model with large type sets
Incomplete Information and assume that this model is common knowledge among the players.

Common Knowledge

Bayesian Games

-Difficuties in practical
modeling
-Example

-A paradox
-A universal belief space

-Construction of a
universal belief space
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A paradox

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

Modeling Games with
Incomplete Information

-Difficuties in practical
modeling
-Example

-A paradox

-Construction of a
universal belief space

-A universal belief space

The less common knowledge is, the larger the sets of possible types
must be, because a player’s type is a summary of everything he
knows that is not common knowledge.

But these sets of types, as a part of the structure of a Bayesian game,
are supposed to be common knowledge among players.

To describe a situation in which many individuals have substantial
uncertainty about one another’s information and beliefs, we may have
to develop a complicated Bayesian game model with large type sets
and assume that this model is common knowledge among the players.

Is it possible to construct a situation for which there are no sets of
types large enough to contain all the private information that players
are supposed to have, so that no Bayesian game could represent this
situation?
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A universal belief space

Part 1

Elimination of Strongly
Dominated Strategies

Elimination of Weakly
Dominated Strategies

Multiagent
Representation

Part 2

Common Knowledge

Bayesian Games

Modeling Games with

Incomplete Information

-Difficuties in practical
modeling

-Example

-A paradox

A universal belief space

-Construction of a
universal belief space

Under some technical assumption, that no such counterexample to
the generality of the Bayesian game model can be constructed,
because a universal belief space can be constructed that is always
big enough to server as the set of types for each player.

How to construct such universal belief space?

Jun Pang, SaToSS, April 15th, 2008 Chapter 2, Models of Game - p. 67/68


http://satoss.uni.lu/jun

||||| ||| Construction of a universal belief space

Part 1

“Readers with less mathematics are encouraged to skim or omit this
Elimination of Strongly ) . . . n
Dominated Strategies construction, as nothing later in the book will depend on it.

Elimination of Weakly
Dominated Strategies

Multiagent

Representation .
Questions?

Part 2

Common Knowledge .
Exercises?!

Bayesian Games

Modeling Games with
Incomplete Information
-Difficuties in practical
modeling

-Example

-A paradox

-A universal belief space
-Construction of a

universal belief space
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