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Basic Concepts of Decision Theory

Set of Probability Distributions:



Basic Concepts of Decision Theory

Lottery:

f: XxQ — RT
(x,t) — f(x]t)

s.t. for fixed t € Q, f(z|t) € A(X).

L={f:0Q—AX)).



Basic Concepts of Decision Theory

Set of world events: = ={S|S5 C Q,5 # 0}
Preferences in lotteries: f 2s g, f~sg9, f >s ¢

Write: af + (1 — a)g for lottery af(x|t) + (1 — a)g(x|t)
Write: |z] for lottery that always gives prize x for sure.

1 y==x

Vit e Q: [x|(ylt) = {O v+



Axioms

A 1 (Completeness/Transitivity).
fRsgorgzsf

fZsgNgZsh = f2sh

A 2 (Relevance).

If f(It) = g(-t) Vt € S, then f ~s g.



More Axioms

A 3 (Monotonicity). If f >s 9, 0 < B < a <1, then

af+(1—-a)g>sBf+(1—-P)g

A 4 (Continuity). If f 259 25 h, then

Jo<y<1: g ~syf+ (1 —)h



Substitution Axioms

A 5 (Objective Substitution). If e 2s f and g 2s h, 0 < o < 1,
then
ac+ (1 —a)g 2s af + (1 —a)h.

A 6 (Subjective Substitution). If f 2s g and f 21 g, SNT =0,
then

/ ZSUT g.



Strict Substitution Axioms

A 7 (Objective Substitution). If e >g f and g 2s h, 0 < «
then

ae+ (1 —a)g >g af + (1 — a)h.

A 8 (Subjective Substitution). If f <g g and f <p g, SNT
then

I <sur g.



Last two.

A 9 (Interest/Regularity). For every state t € §) there exist prizes
r,y € X such that [x] > [y].

A 10 (State neutrality). For all r,t € Q, if f(-|r) = f(:|t) and
g(-|r) = g(-|t) and f Z¢y g, then [ 2y 9.



Expected-Utility Maximization

Theorem 1. All but the last axiom are jointly satisfied if and only
iof there exists a utility function u : X X 2 — R and a conditional-

probability function p : = — A(S)) such that

Vt € Q:maxu(x,t) =1 and minu(z,t) =0 (1)
reX xeX

VRCSCTcCQS8#0:p(R|T)=p(R|S)p(S|T) (2)
Vige L, Se=: f2s g Epu(f)]S) = Ep(u(g)|S)  (3)

In addition, the last axiom is satisfied if and only if (1)-(3) can
be satisfied with a state-independent utility function.



